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Abstract: The dimensionality of a physical system is one of the major parameters defining
its physical properties. The recently introduced concept of synthetic dimension has made it
possible to arbitrarily manipulate the system of interest and harness light propagation in different
ways. It also facilitates the transformative architecture of system-on-a-chip devices enabling
far reaching applications such as optical isolation. In this report, a novel architecture based on
dynamically-modulated waveguide arrays with the Su-Schrieffer-Heeger configuration in the
spatial dimension is proposed and investigated with an eye on a practical implementation. The
propagation of light through the one-dimensional waveguide arrays mimics time evolution of the
field in a synthetic two-dimensional lattice. The addition of the effective gauge potential leads to
an exotic topologically protected one-way transmission along adjacent boundary. A cosine-shape
isolated band, which supports the topological Bloch oscillation in the frequency dimension under
the effective constant force, appears and is localized at the spatial boundary being robust against
small perturbations. This work paves the way to improved light transmission capabilities under
topological protections in both spatial and spectral regimes and provides a novel platform based
on a technologically feasible lithium niobate platform for optical computing and communication.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The introduction of a notion of synthetic dimension has made it possible to explore and practically
realize higher-dimensional concepts in lower-dimensional devices. This way, on-chip devices
with reduced complexity and improved and expanded functionalities become technologically
feasible. In photonics, synthetic dimension shows its flexible capability for constructing artificial
lattices with exotic connectivities [1-3] by connecting discrete optical modes along different
degrees of freedom of light, such as frequency [4,5], orbital angular momentum [6], and temporal
pulse information [7]. This unique opportunity therefore triggers extensive interests in exploring
optical architectures that are hard to be practically implemented in real space [8—11] in order
to explore exciting optical phenomena such as those associated with Bloch oscillation [12-15],
topological quantum matter [16—19], non-Hermitian Hamiltonian [20-23], and higher-order
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topological physics [24,25]. Among different approaches, the design of synthetic dimension,
which includes the frequency axis of light, provides an intriguing opportunity for manipulating
light properties along both spatial and spectral axes in a manner under the topological protection
[1-3]. This is highly desirable for potential applications in optical communications and optical
computing. In doing so, optical modes at different frequencies are utilized and connected through
external modulations, so that energy at each optical mode can hop to nearby modes to construct
an effective tight-binding model along the optical frequency axis. In particular, such tight-binding
lattices, which can be extended into higher-dimensional space including the synthetic frequency
dimension, have been shown in a system of dynamically-modulated ring resonators [11]. While
there are several ongoing efforts in advancing frontiers of synthetic frequency dimension in
on-chip rings [26,27], the fabrication process of large-scale devices based on those physical
principles remains to be technologically challenging.

Photonic waveguide undergoing fast electro-optic modulation shows a promising platform
in creating synthetic frequency dimension [28]. In this case, the light propagation inside the
waveguide follows a Schrodinger-like equation where the propagation distance of light mimics the
time evolution of the physical system [29]. A proper space-time modulation by external electric
signals on the waveguide can connect different frequency components of the propagating light
and therefore creates a one-dimensional synthetic frequency dimension, as shown in Fig. 1(a)
[28]. Such platform holds important possibility in manipulating the spectral information of light
in the on-chip devices, thanks to the recent developments of state-of-art technologies in lithium
niobate-on-insulator (LNOI) [30-37]. However, the study of extensions beyond one dimension in
coupled waveguides under modulations is still missing to the best of our knowledge. The key
issue here is the potential crosstalk of the applied modulation signals, i.e., the applied external
control signals on two nearby modulated waveguides may interfere each other. A natural way
to get around this issue is to arrange coupled waveguides with spaced modulations (i.e., only
waveguides marked as A are modulated) [see Fig. 1(b)]. Hence, it is highly desired for a detailed
theoretical understanding of such design in constructing synthetic space beyond one dimension
and then explore the corresponding exciting physics.

In this report, we investigate physical phenomena in one-dimensional weakly coupled waveguide
arrays, where electro-optic modulated waveguides and unmodulated waveguides are arranged
alternatively as shown in Fig. 1(b). Such a system can minimize the direct crosstalk of modulation
signals in-between two modulated waveguides, and hence supports a two-dimensional synthetic
lattice for the travelling light along waveguides, whose dimensions are spatial and frequency ones
[see Fig. 1(c)]. We choose spatial couplings between waveguides following the Su-Schrieffer-
Heeger (SSH) configuration, while introducing the effective magnetic flux by adding non-uniform
modulation phases in each modulated waveguide. Our results show that this hybrid system
supports exotic topological edge states (quasi-edge states), where the wavepacket of light evolving
unidirectionally along the frequency dimension is not localized at the edge. Another important
prediction is that the topological Bloch oscillation is readily seen in simulations, where the
oscillation of frequency modes is located at the boundary of waveguide arrays and is robust against
small disorders. Thus, this work not only shows important topological photonic phenomena in a
hybrid synthetic lattice, but also paves potential ways to manipulate the frequency of light under
topological protection in modulated waveguide arrays. Moreover, our study could bring possible
applications involving harnessing light in optical communications with the integrated photonics.
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Fig. 1. The illustration of synthetic frequency dimension in modulated waveguide arrays
(a) Discrete frequency modes of the light (red dots) are connected by the travelling-wave
dynamic modulation (marked as red line). Blue line gives the intrinsic dispersion curve
[w = k(dw/dk)] of each waveguide where Ag = ¢ — Q denotes the wavevector mismatching
for optical modes at frequencies w, propagating inside waveguides. Here, Q is the modulation
wavevector, and g = Q(dk/dw) denotes the phase-matching wavevector. (b) The schematic
of waveguide arrays based on LNOI technology, where waveguides labeled as A and B
alternatively arranged in-between SiO; buffering layers and only waveguides of type A are
modulated by external voltages. Note that the colors of A (in red) and B (in green) denote
the optical mode distributions inside waveguides. (c) Constructed two-dimensional synthetic
lattice from (b).

2. Model and theory

We start from studying a realistic experimental platform based on LNOI as shown in Fig. 1(b).
One-dimensional waveguide arrays are proposed to be fabricated in micrometer-thick LNOI using
proton-exchange or titanium in-diffusion method [38,39], as well as in lithium niobate thin films
using shallow-etched or loaded waveguide array structure [40—-42]. Alternative platforms include
nano-waveguide arrays [18]. Such designed structure supports two types of waveguides (labelled
by A and B respectively) weakly coupled between each other. We propose that waveguides of
type A are undergoing dynamic modulations by covering positive and ground electrodes while
waveguides of type B experience no modulation. The upper and lower buffering layers of SiO;
(typically 2 micrometers) are introduced to reduce metallic loss from the electrodes. The bottom
metal layer serves as the ground electrode. Therefore, there is no significant crosstalk of the
applied electric fields between two modulated waveguides. The distance between waveguide
centers of types A and B can be larger than 5 micrometers due to a weak transverse light
confinement, which makes the fabrication of electrodes feasible in experiments.
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Near the reference frequency wy, we assume linear dispersion w = k (dw/ dk). A sinusoidal
travelling-wave radio frequency modulation is applied inside each waveguide of type A, i.e.,
cos (Qf — Oz + ¢), where Q is the modulation frequency, z is the propagation direction, ¢ is
the modulation phase, and Q ~ ¢ = Q(9k/ dw) is the modulation wavevector [13,28,43,44].
Hence discrete modes in waveguides arrays can be excited at frequencies w, = wg + nQ [see
Fig. 1(a)], with the effective modulation strength between adjacent modes g and wavevector
mismatching Ag = g — Q, with |Ag|<<Q. Here, Fig. 1(a) provides illustrative curves of the
intrinsic waveguide dispersion and travelling-wave dynamic modulation, where the latter one
can be further controlled [28,45]. Note that Ag = 0 or Q/Q = dk/dw gives the phase-matching
condition [28]. There is no direct modulation applied inside waveguides of the type B. The
propagating modes at frequencies w, in the m™™ waveguide of type A and the (m+1)" waveguide
of type B therefore construct a synthetic two-dimensional space labelled by A, and By41.,
respectively as illustrated in Fig. 1(c) where we set m as an even integer. We further consider
a non-uniform distribution of waveguides in the x direction, i.e., we set the distance between
centers of the m™ waveguide of type A with the (m+1)" waveguide of type B as d; and the
distance between centers of the (m—1)" waveguide of type B with the m™ waveguide of type A
as d,. Slightly difference between d; with d, can bring non-uniform couplings between modes
at the same frequency w, in nearby waveguides, where coupling strengths « between A,, , and
Byy+1.0, h between B,_; , and A, ,, can be different.

We now consider the phase-matching modulation with Ag = 0, while the consideration of
Aq # 0is discussed in Section 3.3. By comparing the wave equation describing the light travelling
in waveguides and the Schrodinger equation [13,28,29,46], the effective Hamiltonian gives

H= Z (Ka:n’,,bmﬂ,n + hb;_l’nam,n + gajn,nam,nﬂe”"”’“) + h.c., @)

m=even,n

where a,,, and b4, (ajn’,, and b,Tn +1’n) are annihilation (creation) operators for modes A, ,
and By,11,, respectively. We assume modulations in every two nearby waveguides of type
A are different by a constant phase 6, by applying same travelling-wave signal shapes with a
constant pulse delay on each electrode. Therefore, the corresponding modulation phase on the
m™ waveguide of type A gives ¢,, = m0/2, as shown in Fig. 1(c). The constructed synthetic
two-dimensional lattice hence provides a set of standard one-dimensional SSH lattices [47-51]
in the spatial dimension, connected along the synthetic frequency dimension. Moreover, the
introduced distribution of modulation phases in system creates the effective gauge potential
|Aeg| o< 6 in the synthetic lattice [52].

3. Results
3.1. Band structures of the model

We first consider a uniform distribution of waveguide arrays # = « and k = g to give a simple
example of understanding our model. For infinite modes in both x and f axes, 6 chosen as (27/6)
being an integer, the synthetic lattice holds the translational symmetry with the periodicity of
Q in the f direction and the periodicity of (27/08) X (d + d») in the x direction. We plot the
projected band structure of our system, &, in Fig. 2(a), which shows Hofstandter butterfly-like
spectrum. Due to additional lattice sites on waveguides of type B in each plaquette, the spectrum
exhibits double amounts of open gaps, compared to the standard Hofstandter butterfly spectrum
[53-55]. In Fig. 2(b), we plot the band structure for the case of § = /2 with open boundary
in the x direction but still assuming infinite sites along the frequency dimension. This makes
kg, which is reciprocal to the f axis, being a good quantum number. We choose 41 waveguides
of type A and 40 waveguides of type B, i.e., m € [-40,40], where even (odd) integers refer to
the waveguide of type A (B). One sees there are 4 pairs of edge states inside 4 gaps, which are
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double compared to the energy diagram in the conventional rectangular lattice [4,5,52,56]. The
duplicity of edge states is understandable due to pairs of sites (A and B) on boundaries along the
x axis. Here we note that the energy of the band structure, &, refers to the shift of wavevector for
a probe signal propagating in the z direction [57].
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Fig. 2. Band analysis showing topological (quasi-)edge states and isolated band. (a) The
projected band structure of infinite synthetic lattice versus 6 for 2 = k = g. (b) The projected
band structure with finite waveguide arrays (m € [-40,40]) versus ky for 6 = /2, which is
labelled by the red dashed line in (a). (c) The projected band structure with finite waveguide
arrays (m € [—40,40]), where h = 3g, k = g, and § = x/2. (d) Distributions of field
intensities for states at P (red), P (green), and P3 (black) labelled in (c), respectively. (e)
and (f) Normalized intensity distributions of topological edge states versus k labelled by
red and green lines in (c), respectively.

We next explore configurations of & # «, corresponding to connected SSH lattices under the
effective magnetic flux. Such a model combines two different topological features, which brings
interesting results that we will discuss in the rest of our paper. As an example, we study the case
of h = 3g while k = g, and calculate the band structure [see Fig. 2(c)] with other parameters being
the same as those in Fig. 2(b). Similarly, there are four pairs of edge states in gaps. However, the
striking feature is that the middle bulk band near € = 0 is open and an isolated band exists. This
isolated band corresponds to the topological boundary state in the one-dimensional SSH lattice,
but shows a cosine-like band shape, meaning the connection of such boundary states along the
additional frequency dimension. In Fig. 2(d), we plot the distribution of field intensities of the
isolated band indicated by the black dot in Fig. 2(c), where the energy of field is located at the
left boundary and decays into the bulk. On the other hand, field intensity distributions of pairs
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of edge states in the top band gap labelled by red and green dots are also plotted. While for
one edge state (green dot), the field is localized at the right boundary, the other state (red dot)
exhibits a unusual feature that the field is focused on the third waveguide (the second waveguide
of type A) from the left and decays exponentially into two sides, which we refer it as quasi-edge
state throughout this paper. This quasi-edge state is a unique consequence from the combination
of both the effective magnetic flux and the non-trivial connectivity from SSH configuration,
which is fundamentally different from the edge states in the conventional two-dimensional square
lattice under the magnetic flux [4,5,52,56]. We further plot normalized intensity distributions
of edge states (red and green lines) versus ky, which corresponds to edge states in-between
band gap in the kg-space, as shown in Figs. 2(e) and 2(f), respectively. One notes that intensity
distributions in Fig. 2(f) show conventional characteristics of the edge state, where energy of
light is localized on the right boundary when it is near the middle of the gap ks ~ —0.197/Q.
However, in Fig. 2(e), one sees that, in the majority of the gap with k; € (-0.57,0.067)/Q, the
corresponding distributions of light exhibit the maximum peak in the third waveguide from the
left, indicating the quasi-edge state exhibits along nearly the entire edge band in-between the band
gap, which results from the competition between two topological effects, namely the quantum
Hall effect and the SSH effect.

3.2. Topological quasi-edge states

To explore dynamics associated with edge states in the synthetic lattice, we simulate the wave
propagation under the Hamiltonian Eq. (1) by assuming the wave function as

lp(2)) = Z (Va,m,na:;,n + v, m+1,nbjn+1’n) 10), 2

m=even,n

where Vg u, Vbm+1,, being amplitudes of light at modes A,,,, and B,,+1 ., respectively. Using the
Schrodinger-like equation, i d% |¢(2)) = H |¢(z)), we obtain coupled-mode equations

idva,m,n/dz = KVpm+in + hvb,m—l,n + g(Va,m,n—leiu/)m + Va,m,n+lel¢m) + iS6m,M6n,Oa 3)

idvp mi1.0/dz = kVamn + WVamion (m = even).

Here we choose the exciting source s = /2% where Ak stands for the wavevector mismatching of
the input light from the reference mode kg = wg/ (dw/dk). Note that Ak is the same momentum
mismatching as € in the band structure, so by choosing Ak in the source, one can selectively
excite the state on the band structure. In Eq. (3), the source term including s is added following
the temporal input-output formalism [58,59], describing the external excitation of the system. In
potential experiments, such source is injected into waveguide arrays from adding an auxiliary
waveguide (on the side or beneath waveguide arrays) [60—62], very weakly coupled to the M™
waveguide with the loss from coupling between the auxiliary waveguide and waveguide arrays
being negligible. To better illustrate the topological protection, we set the artificial boundary at the
frequency dimension and assume n € [-40, 40], which can be realized by carefully engineering
the dispersion curve of the waveguide [4,63]. However, such artificial boundary is not mandatory
to be designed in order to observe exotic quasi-edge states in the synthetic lattice.

We perform simulations corresponding to the (quasi-)edge state by selectively exciting the
leftmost waveguide and the rightmost waveguide respectively at Ak = 4.237g near the O™
frequency mode. We assume the length of waveguide arrays being z = 50g~!. The simulations
are performed by numerically solving differential Eq. (3) with discretizing the spatial dimension z.
Figures 3(a) and 3(b) show simulation results of the normalized field distribution for the 81 x 81
synthetic lattice of different waveguides and frequency modes, that are collected on the other
side of waveguide arrays. One sees topologically-protected one-way propagating modes in both
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cases, where the field gets turned at the corner and transports in the synthetic two-dimensional
space unidirectionally without back-reflection. Moreover, as indicated by band structure analysis,
we find quasi-edge state near the left boundary of the synthetic lattice, where the third waveguide
from the left is excited for the most. For the external excitation on the leftmost waveguide,
the energy of light tunnels into the —38" waveguide quickly and then gets most frequency
down conversion inside the —38" waveguide mostly, while for the excitation on the right, the
light transports to the —38" waveguide after it circulates counter-clock-wisely through the top
boundary. Exotic one-way edge state therefore exhibits where the first two waveguides from the
left are very weakly excited in both cases.

(a) 40 (b) 40 B

20 20§

40 40 40

0 0
m m

Fig. 3. Topologically-protected one-way (quasi-)edge states. (a) and (b) Simulation results
atz = 50g_1 in the synthetic space with an external source s = ™2 and Ak = 4.237g
excited at the leftmost and rightmost waveguides, respectively.

3.3. Topological Bloch oscillation

Previously we showed the isolated band near € = 0 in Fig. 2(c). Larger & = 5g can increase the
middle gap and the isolated band gives a cleaner cosine-shape as shown in Fig. 4(a). In Fig. 4(b),
we plot normalized intensity distributions of the isolated band in the entire range of the first
Brillouin zone, i.e., ky € [-n/Q, n/Q]. We can see that the field mostly distributes on the left
boundary due to the SSH configuration in our designed model.

Now we consider the wavevector mismatching case with Ag # 0 [13], which leads to the
Hamiltonian:

H= Z [Kajn,,,bmﬂ,n + hbj;l_l’nam,n + gaL’ll_lam,ne’i(AqZJr“”") + h.c., 4)
m=even,n
implying a constant effective force F = —Aq [12,14,15,64]. Similar effective force in a one-

dimensional photonic lattice can lead to Bloch oscillation of light [12—-15,47,64]. Here, we find
that the isolated band provides a unique topological platform to explore the Bloch oscillation
under the effective force.

As demonstrations in simulations, we choose a Gaussian-shape pulse as the excitation source,
which reads as s(z) = e-8"26=D” and excite the 0 mode in the leftmost waveguide. In Fig. 4(c),
we show the evolution of the field distributed on frequency modes inside the leftmost waveguide.
The Bloch oscillation feature in the frequency dimension with the spatial periodicity about

Zp = 21/|Aq| ~ 12.6¢7" can be seen. We further define the ratio of energy distribution on
the leftmost waveguide I; = ), |va,_40,,,|2 [ Xm=even.n (\va,m,n|2 + |vh,m+1,n’2>, and plot /; versus the

propagation distance z in Fig. 4(d) [see the red curve]. One sees that I; slightly drops from 1 and
then quickly stabilizes near 93% throughout the entire propagation in waveguide arrays. The
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Fig. 4. Spectral Bloch oscillation localized in the leftmost waveguide under topological
protection. (a) The projected band structure with finite waveguide arrays (m € [-40, 40]),
where h = 5g, k = g, and 0 = 7/2, where middle isolated band is labelled in red. (b)
Normalized intensity distributions of isolated band versus ky labelled by the red curve in (a)
in the first Brillouin zone. (c) The evolution of the field propagating along the z direction
distributed on the n' frequency modes inside the leftmost waveguide. (d) The ratios of
energy distributions on the leftmost waveguide /; versus the propagation distance z. The
red (I), green (I) and black (III) curves correspond to simulation results in (c), (e), (f),
correspondingly. (e) and (f) The evolutions of the field propagating along the z direction
distributed on the nt frequency modes inside the leftmost waveguide with the disorders of &,
&, g and disorders of Ag, respectively, included in simulations.
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energy of light is mainly localized at the leftmost waveguide during the evolution of the Bloch
oscillation, indicating the intensity distribution of isolated band that exhibits the localization on
the left boundary (the leftmost waveguide).

To further demonstrate the topological protection of the Bloch oscillations shown in this
configuration of our model, we add disorders into the system and perform simulations. In details,
we first consider disorders in coupling strengths (kx and /) and modulation amplitude (g), where
a coeflicient (1 + R - §7) is multiplied on each «, &, and g, respectively. Here R is the random
number generated in-between (—0.5, 0.5), and ¢, is a constant for labelling the amplitude of
disorders. In Fig. 4(e), we plot the evolution of the field distributed on frequency modes inside
the leftmost waveguide with 6; = 0.2. One can see the pattern of the Bloch oscillation still
preserves. More importantly, as indicated by the green curve in Fig. 4(d), I; remains >90%
throughout the entire z in the simulation, showing the topological protection of the localization
feature of the isolated band near £ = 0. We also include disorders in the effective force, with
similarly a multiplication of (1 + R - 65) onto each Ag in Eq. (4). In the case of §, = 0.025, we
find there exists the pattern of the Bloch oscillation in the simulation, as shown in Fig. 4(f), while
I; [in black curve in Fig. 4(d)] is larger than 90% throughout the propagation in waveguide arrays.
Although we note that if further larger ¢, is used, the effective force is destroyed and pattern of
the Bloch oscillation is gradually distorted, the energy of light is still localized at the leftmost
waveguide. In both cases, we find the robustness against small disorders while the evolution of
the Bloch oscillation inside the leftmost waveguide in our proposed system.

4. Conclusion

In summary, we propose and meticulously investigate a novel synthetic-dimension device
architecture based on LNOI waveguide arrays arranged in the SSH configuration. Such a device,
being exposed to spaced-distributed dynamic modulations, aims at extending synthetic space
beyond one dimension in modulated waveguides. The proposed architecture can avoid the direct
crosstalk of modulation signals and then support a two-dimensional lattice under the effective
gauge field in a synthetic space including spatial and frequency dimensions. The combination
of the effective magnetic field and the SSH configuration brings quasi-edge state, where the
topological one-way mode supports the peak intensity distribution in the the third waveguide from
the left boundary. A cosine-shape isolated band structure has been explored, and the resulting
Bloch oscillation along the frequency dimension under an effective force has been found to be
localized at the spatial boundary and robust against small disorders. The proposed model is
highly relevant to the current start-of-the-art LNOI technology, and therefore could be used for
further experimental advancements leading to systems with on-chip applications. Further studies
can be focused onto the study of non-Hermitian gain-loss modulations on waveguide arrays,
which maybe experimental challenging, however, can bring further interest in such structures
[65,66]. Although this model is explored in the modulated waveguide array system, it can
also be potentially implemented in other platforms such as static waveguide arrays [16,29,67],
ring resonators [11], dynamically reconfigurable photonic crystals [53,68], time-multiplexed
network [69,70], and cold atoms [71,72], showing very rich opportunities for studying interesting
topological phenomena in both real space and synthetic space.
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